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HOMOTOPY ROTA-BAXTER OPERATORS, HOMOTOPY O-OPERATORS AND
HOMOTOPY POST-LIE ALGEBRAS
RONG TANG, CHENGMING BAI, LI GUO, AND YUNHE SHENG
Abstract. Rota-Baxter operators, O-operators on Lie algebras and their interconnected pre-Lie
and post-Lie algebras are important algebraic structures with applications in mathematical physics.
This paper introduces the notions of a homotopy Rota-Baxter operator and a homotopyO-operator
on a symmetric graded Lie algebra. Their characterization by Maurer-Cartan elements of suitable
differential graded Lie algebras is provided. Through the action of a homotopy O-operator on a
symmetric graded Lie algebra, we arrive at the notion of an operator homotopy post-Lie algebra,
together with its characterization in terms of Maurer-Cartan elements. A cohomology theory of
post-Lie algebras is established, with an application to 2-term skeletal operator homotopy post-Lie
algebras.
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1. Introduction
This paper initiates the homotopy study of Rota-Baxter operators, O-operators and the related
pre-Lie algebras and post-Lie algebras.
1.1. Background and motivation. Homotopy is a fundamental notion in topology describing
continuously deforming one function to another.
The first homotopy construction in algebra is the A∞-algebra of Stasheff, arising from his work
on homotopy characterization of connected based loop spaces [43]. Later related developments
include the work of Boardman and Vogt [6] about E∞-spaces on the infinite loop space, the work
of Schlessinger and Stasheff [40] about L∞-algebras on perturbations of rational homotopy types
and the work of Chapoton and Livernet [10] about pre-Lie∞ algebras, as well as homotopy Leibniz
algebras [1]. See [27, 30, 32] for other examples.
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Homotopy and operads are intimately related. In fact, operads were introduced as a tool in
homotopy theory, specifically for iterated loop spaces. Vaguely speaking, the homotopy of an
algebraic structure is obtained when the defining relations of the algebraic structure is relaxed
to hold up to homotopy. The resulting algebraic structure is homotopy equivalent to the original
algebraic structure via a Homotopy Transfer Theorem. The idea is behind much of the operadic
developments. Through the work of Ginzburg-Kapranov [19], Getzler-Jones [18] and Markl [28,
30], the homotopy of an operad P is in general defined to be the minimal model of P. More
precisely, P∞ is the Koszul resolution as the cobar construction ΩP
i of the Koszul dual cooperad
of P [27, 30]. Since the latter notion makes sense only when P is quadratic, this approach does
not apply to some important algebraic structures, such as the operad of Rota-Baxter algebras.
Rota-Baxter associative algebras were introduced in the probability study of G. Baxter and
later found important applications in the Connes-Kreimer’s algebraic approach to renormaliza-
tion of quantum field theory [11], among others. A Rota-Baxter operator on a Lie algebra is
naturally the operator form of a classical r-matrix [41] under certain conditions. To better under-
stand such connection in general, the notion of an O-operator (also called a relative Rota-Baxter
operator [39] or a generalized Rota-Baxter operator [46, 47]) on a Lie algebra was introduced by
Kupershmidt [23], which can be traced back to Bordemann [7].
Both operators have been studied extensively in recent years [20]. Their operadic theory are
challenging to establish since the operads are not quadratic and have nontrivial unary operations.
At the same time, they provide promising testing grounds to expand the existing operad theory.
1.2. Approach of the paper. Because of the limitation of the Koszul resolution method to study
homotopy of operads, other methods to give the related resolutions have been introduced.
Dotsenko and Khoroshkin [14] used shuffle operads and the Gro¨bner bases method to show
that, for the operad ncRB of Rota-Baxter operators on associative algebras, the minimal model
ncRB∞ is a quasi-free operad. They are able to write down formulas for small arities for dif-
ferentials in the free resolutions for Quillen homology computation, though “in general compact
formulas are yet to be found” as noted in the paper. One can expect a similarly challenging
situation for the operad of Rota-Baxter operators on Lie algebras.
This paper follows the more basic and direct approach to homotopy via differential graded Lie
algebras andMaurer-Cartan elements. This is in fact the approach taken in the early developments
of characterizing algebraic and homotopy algebraic structures before they are put under the more
uniform and sophisticated framework of operads. These developments started with the well-
known series of work by Gerstenhaber [16, 17] on deformations of associative algebras and by
Nijenhuis and Richardson on Lie algebras [35] a few years later.
This approach is based on the principle that objects of a certain algebraic structure on a vector
space are given by degree 1 solutions of the Maurer-Cartan equation in a suitable differential
graded Lie algebra built from the vector space. When the vector space is replaced by a graded
vector space, similar solutions give objects in the homotopy algebraic structure. To make the
idea more transparent, we recall the case of Lie algebras and homotopy Lie algebras (that is, L∞-
algebras). Let V be a vector space. Define the graded vector space ⊕∞
n=0
Hom(∧nV,V) with the
degree of elements in Hom(∧nV,V) being n − 1. For f ∈ Hom(∧mV,V), g ∈ Hom(∧nV,V), define
[ f , g]NR := f ◦ g − (−1)
(m−1)(n−1)g ◦ f ,
with f ◦ g ∈ Hom(∧m+n−1V,V) being defined by
(1) ( f ◦ g)(v1, · · · , vm+n−1) :=
∑
σ∈S(n,m−1)
(−1)σ f (g(vσ(1), · · · , vσ(n)), vσ(n+1), · · · , vσ(m+n−1)),
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where the sum is over (n,m−1)-shuffles. Then
(
⊕∞
n=0Hom(∧
nV,V), [·, ·]NR
)
is a differential graded
Lie algebra with the trivial derivation. With this setup, a Lie algebra structure on V is precisely a
degree 1 solution ω ∈ Hom(∧2V,V) of the Maurer-Cartan equation
[ω,ω]NR = 0.
In the spirit of this characterization of Lie algebra structures by solutions of the Maurer-Cartan
equation, homotopy Lie algebra structures can be characterized briefly as follows, with further
details provided in Section 2.1. Given a graded vector space V = ⊕i∈ZV
i, let S (V) denote the
symmetric algebra of V and let Homn(S (V),V) denote the space of degree n linear maps. Define
the Nijenhuis-Richardson bracket [·, ·]NR on the graded vector space
∑
n∈ZHom
n(S (V),V) in a
graded form of Eq. (1) (see Eq. (6)). We again have a graded Lie algebra and (curved) L∞-
algebras can be characterized as degree 1 solutions of the corresponding Maurer-Cartan equation.
This approach usually agrees with the operadic approach when both approaches apply. The
more elementary nature of this approach makes it possible to be applied where the operadic ap-
proach cannot be applied yet, in particular to Rota-Baxter operators and its relative generalization,
the O-operators. Indeed, in [45], we took this approach to give a Maurer-Cartan characterization
of O-operators (of weight zero) and further to establish a deformation theory and its controlling
cohomology for O-operators.
To illustrate our approach in a broader context, we focus on the Rota-Baxter Lie algebra for
now and regard its algebraic structure (operad) as a pair (ℓ, T ) consisting of a Lie bracket ℓ = [·, ·]
and a Rota-Baxter operator T . Then to obtain the homotopy of the Rota-Baxter Lie algebra,
one can begin with taking homotopy of the binary operation ℓ or taking homotopy of the unary
operation T . The homotopy of the Lie algebra ℓ∞ = {ℓi}
∞
i=1
is well-known as the L∞-algebra [30].
Together with the natural Rota-Baxter operator action as defined in [39], we have the Rota-Baxter
homotopy Lie algebra (ℓ∞, T ) or Rota-Baxter L∞-algebra. A Rota-Baxter Lie algebra naturally
induces a post-Lie algebra, originated from an operadic study [48] and found applications in
mathematical physics and numerical analysis [5, 34]. Likewise, a Rota-Baxter homotopy Lie
algebra is expected to induce a homotopy post-Lie algebra whose construction is still not known
beyond its conceptual definition as an operadic minimal model mentioned above, giving rise to
the commutative diagram
(2) (ℓ, T ) //
RB action

(ℓ∞, T )
RB action

post-Lie // homotopy post-Lie
where the horizontal arrows are taking homotopy and the vertical arrows are taking actions of the
Rota-Baxter operators.
In this paper, we will pursue the other direction, by taking homotopy of the Rota-Baxter op-
erator T and obtain T∞ := {Ti}
∞
i=0, without taking homotopy of ℓ. We call the resulting structure
(ℓ, T∞) the operator homotopy Rota-Baxter Lie algebra to distinguish it from the above men-
tioned Rota-Baxter homotopy Lie algebra. The action of the operator homotopy Rota-Baxter
operator T∞ gives rise to a variation of the homotopy post-Lie algebra which we will call the op-
erator homotopy post-Lie algebra (see Remark 3.5). This gives another commutative diagram
shown as the front rectangle in Eq. (3) while the diagram in Eq. (2) is embedded as the right
rectangle.
Eventually, the full homotopy of the Rota-Baxter Lie algebra should come from the combined
homotopies of both the Lie algebra structure and the Rota-Baxter operator structure, tentatively
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denoted by (ℓ∞, T∞) and called the full homotopy Rota-Baxter Lie algebra. A suitable action
of T∞ on ℓ∞ should give the full homotopy post-Lie algebra whose structure is still mysterious.
These various homotopies of the Rota-Baxter Lie algebra, as well as their derived homotopies of
the post-Lie algebra, could be put together and form the following diagram
(3) (ℓ∞, T∞) (ℓ∞, T )
(ℓ, T∞)
❥
❥
❥
❥
❥
❥
❥
(ℓ, T )
❥
❥
❥
❥
❥
❥
❥
❥
full homotopy
post-Lie
homotopy
post-Lie
operator homotopy
post-Lie
❥❥
❥
post-Lie
❥
❥
❥
❥
❥
❥
where going in the left and the inside directions should be taking various homotopy, and going
downward should be taking the actions of (homotopy) Rota-Baxter operators.
We note that when the weight of the Rota-Baxter operator is zero, the post-Lie algebra in the
lower half of the diagram becomes a pre-Lie algebra and the homotopy post-Lie in the back-
right-lower corner is a homotopy pre-Lie algebra. We find it quite amazing that the operator
homotopy post-Lie algebra in the front-left-lower corner is also the homotopy pre-Lie algebra
(Corollary 3.12). This of course does not mean that the algebraic structure in the back-left-lower
corner is also the homotopy pre-Lie algebra. It would be interesting to determine this structure
even in this special case.
1.3. Outline of the paper. After some background on differential graded Lie algebras andMaurer-
Cartan equations summarized in Section 2.1, we introduce in Section 2.2 the notion of a homotopy
O-operator with any weight (Definition 2.9). Using derived bracket, we construct a differential
graded Lie algebra which characterizes homotopy O-operators of any weight as their Maurer-
Cartan elements (Theorem 2.16).
In Section 3, by applying a homotopy O-operator to a symmetric graded Lie algebra we obtain
a variation of the homotopy post-Lie algebra, called the operator homotopy post-Lie algebra.
From here we can specialize in several directions and obtain interesting applications. First when
the weight of the O-operator is taken to be zero, we obtain homotopy O-operators of weight
zero. Since O-operators of weight zero naturally derive pre-Lie algebras [39], it is expected
that homotopy O-operators of weight zero derive homotopy pre-Lie algebras, that is pre-Lie∞-
algebras. We confirm this in Corollary 3.12, yielding the commutative diagram
(4) O-operators
homotopy
//

homotopy O-operators

pre-Lie
homotopy
// pre-Lie∞
In other words, the compositions of taking homotopy and taking operator action in either order
gives the pre-Lie∞ algebras.
There has been quite much interest on constructions of post-Lie algebras in the recent litera-
ture [8, 9, 15, 38]. Another useful application of our general construction is the characterization
of post-Lie algebra structures on a given Lie algebra using Maurer-Cartan elements in a suitable
differential graded Lie algebra (Corollary 3.7).
In Section 4 we first consider the cohomology theory of post-Lie algebras. In the “abelian”
case of pre-Lie algebras, the cohomology groups were first defined in [13] by derived functors
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and then in [33] by resolutions of algebras from the Koszul duality theory in the framework of
operads. An explicit cohomology theory of post-Lie algebras is not yet known. In this section
we establish such a theory which reduces to the existing cohomology theory of pre-Lie algebras.
The third cohomology group of a post-Lie algebra are applied in Section 4.3 to classify 2-term
skeletal operator homotopy post-Lie algebras.
Notation. We assume that all the vector spaces are over a field of characteristic zero. For a
homogeneous element x in a Z-graded vector space, we also use x in the exponent, as in (−1)x, to
denote its degree in order to simplify the notation.
2. Homotopy O-operators of weight λ
In this section, we introduce the notion of a homotopy O-operator of weight λ, where λ is a
constant. We construct a differential graded Lie algebra (dgLa for short) and show that homo-
topy O-operators of weight λ can be characterized as its Maurer-Cartan elements to justify our
definition.
2.1. Maurer-Cartan elements andNijenhuis-Richardson brackets. We first recall some back-
ground needed in later sections.
Definition 2.1. ([27]) Let (g = ⊕k∈Zg
k, [·, ·], d) be a dgLa. A degree 1 element θ ∈ g1 is called a
Maurer-Cartan element of g if it satisfies the followingMaurer-Cartan equation:
(5) dθ +
1
2
[θ, θ] = 0.
A permutationσ ∈ Sn is called an (i, n−i)-shuffle ifσ(1) < · · · < σ(i) andσ(i+1) < · · · < σ(n).
If i = 0 or n, we assume σ = Id. The set of all (i, n − i)-shuffles will be denoted by S(i,n−i). The
notion of an (i1, · · · , ik)-shuffle and the set S(i1 ,··· ,ik) are defined analogously.
Let V = ⊕k∈ZV
k be a Z-graded vector space. We will denote by S (V) the symmetric algebra of
V:
S (V) := ⊕∞i=0S
i(V).
Denote the product of homogeneous elements v1, · · · , vn ∈ V in S
n(V) by v1 ⊙ · · · ⊙ vn. The
degree of v1 ⊙ · · · ⊙ vn is by definition the sum of the degree of vi. For a permutation σ ∈ Sn and
v1, · · · , vn ∈ V , the Koszul sign ε(σ; v1, · · · , vn) ∈ {−1, 1} is defined by
v1 ⊙ · · · ⊙ vn = ε(σ; v1, · · · , vn)vσ(1) ⊙ · · · ⊙ vσ(n)
and the antisymmetric Koszul sign χ(σ; v1, · · · , vn) ∈ {−1, 1} is defined by
χ(σ; v1, · · · , vn) := (−1)
σε(σ; v1, · · · , vn).
Denote by Homn(S (V),V) the space of degree n linear maps from the graded vector space S (V) to
the graded vector space V . Obviously, an element f ∈ Homn(S (V),V) is the sum of fi : S
i(V) →
V . We will write f =
∑∞
i=0 fi. Set C
n(V,V) := Homn(S (V),V) and C∗(V,V) := ⊕n∈ZC
n(V,V). As
the graded version of the classical Nijenhuis-Richardson bracket given in [35, 36], the Nijenhuis-
Richardson bracket [·, ·]NR on the graded vector space C
∗(V,V) is given by:
[ f , g]NR := f ◦ g − (−1)
mng ◦ f , ∀ f =
∞∑
i=0
fi ∈ C
m(V,V), g =
∞∑
j=0
g j ∈ C
n(V,V),(6)
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where f ◦ g ∈ Cm+n(V,V) is defined by
f ◦ g =
( ∞∑
i=0
fi
)
◦
( ∞∑
j=0
g j
)
:=
∞∑
k=0
( ∑
i+ j=k+1
fi ◦ g j
)
,(7)
while fi ◦ g j ∈ Hom(S
i+ j−1(V),V) is defined by
( fi ◦ g j)(v1, · · · , vi+ j−1) :=
∑
σ∈S( j,i−1)
ε(σ) fi(g j(vσ(1), · · · , vσ( j)), vσ( j+1), · · · , vσ(i+ j−1)),
with the convention that f0 ◦ g j := 0
1 and
( f j ◦ g0)(v1, · · · , v j−1) := f j(g0, v1, · · · , v j−1).
The notion of a curved L∞-algebra was introduced in [21, 29]. See also [26] for more applica-
tions.
Theorem 2.2. ([2, 29]) With the above notations, (C∗(V,V), [·, ·]NR) is a graded Lie algebra
(gLa for short). Its Maurer-Cartan elements
∑∞
i=0 li are the curved L∞-algebra structures on
V.
We denote a curved L∞-algebra by (V, {lk}
∞
k=0
). A curved L∞-algebra (V, {lk}
∞
k=0
) with l0 = 0 is
exactly an L∞-algebra [24, 25, 44].
Definition 2.3. ([2]) A symmetric graded Lie algebra (sgLa) is a Z-graded vector space g
equipped with a bilinear bracket [·, ·]g : g ⊗ g → g of degree 1, satisfying
(1) (graded symmetry) [x, y]g = (−1)
xy[y, x]g,
(2) (graded Leibniz rule) [x, [y, z]g]g = (−1)
x+1[[x, y]g, z]g + (−1)
(x+1)(y+1)[y, [x, z]g]g.
Here x, y, z are homogeneous elements in g, which also denote their degrees when in exponent.
A sgLa (g, [·, ·]g) is just a curved L∞-algebra (g, {lk}
∞
k=0
), in which lk = 0 for all k ≥ 0 except
k = 2.
We recall the notion of the suspension and desuspension operators. Let V = ⊕i∈ZV
i be a graded
vector space, we define the suspension operator s : V 7→ sV by assigning V to the graded
vector space sV = ⊕i∈Z(sV)
i with (sV)i := V i−1. There is a natural degree 1 map s : V → sV
that is the identity map of the underlying vector space, sending v ∈ V to its suspended copy
sv ∈ sV . Likewise, the desuspension operator s−1 changes the grading of V according to the
rule (s−1V)i := V i+1. The degree −1 map s−1 : V → s−1V is defined in the obvious way.
Example 2.4. Let V be a graded vector space. Then s−1gl(V) is a sgLa where the symmetric Lie
bracket is given by
[s−1 f , s−1g] := (−1)ms−1[ f , g], ∀ f ∈ Homm(V,V), g ∈ Homn(V,V).(8)
Let (g, [·, ·]g) and (g
′, [·, ·]g′) be sgLa’s. A homomorphism from g to g
′ is a linear map φ : g →
g′ of degree 0 such that
φ([x1, x2]g) = [φ(x1), φ(x2)]g′ , ∀x1, x2 ∈ g.
Definition 2.5. A linear map of graded vector spaces D : g → g of degree n is called a derivation
of degree n on a sgLa (g, [·, ·]g) if
D[x, y]g = (−1)
n[Dx, y]g + (−1)
n(x+1)[x,Dy]g, ∀x, y ∈ g.
1The linear map f0 is just a distinguished element Φ ∈ V
0.
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We denote the vector space of derivations of degree n by Dern(g). Denote by Der(g) =
⊕n∈ZDer
n(g), which is a graded vector space.
Remark 2.6. A derivation of degree n on a sgLa (g, [·, ·]g) is just a homotopy derivation {θk}
∞
k=1
of
degree n on (g, [·, ·]g), in which θk = 0 for all k ≥ 2. See [12, 21] for more details.
By a straightforward check, we obtain
Proposition 2.7. With the above notations, (s−1Der(g), [·, ·]) is a symmetric graded Lie subalge-
bra of (s−1gl(g), [·, ·]), where the bracket [·, ·] is defined by (8).
Definition 2.8. An action of a sgLa (g, [·, ·]g) on a sgLa (h, [·, ·]h) is a homomorphism of graded
vector spaces ρ : g → Der(h) of degree 1 such that s−1 ◦ ρ : g → s−1Der(h) is a sgLa homomor-
phism.
In particular, if (h, [·, ·]h) is abelian, we obtain an action of a sgLa on a graded vector space. It
is obvious that ad : g → Der(g) is an action of the sgLa (g, [·, ·]g) on itself, which is called the
adjoint action.
Let ρ be an action of a sgLa (g, [·, ·]g) on a graded vector space V . For x ∈ g
i, we have
ρ(x) ∈ Homi+1(V,V). Moreover, there is a sgLa structure on the direct sum g ⊕ V given by
[x1 + v1, x2 + v2]ρ := [x1, x2]g + ρ(x1)v2 + (−1)
x1x2ρ(x2)v1, ∀x1, x2 ∈ g, v1, v2 ∈ V.
This sgLa is called the semidirect product of the sgLa (g, [·, ·]g) and (V; ρ), and denoted by g⋉ρV .
2.2. Homotopy O-operators of weight λ. Now we are ready to give the main notion of this
paper.
Definition 2.9. Let ρ be an action of a sgLa (g, [·, ·]g) on a sgLa (h, [·, ·]h). A degree 0 element
T =
∑+∞
i=0 Ti ∈ Hom(S (h), g) with Ti ∈ Hom(S
i(h), g) is called a homotopy O-operator of weight
λ on a sgLa (g, [·, ·]g) with respect to the action ρ if the following equalities hold for all p ≥ 0 and
all homogeneous elements v1, · · · , vp ∈ V ,∑
1≤i< j≤p
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jTp−1(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp)
+
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)Tk−1
(
ρ
(
Tl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
(9)
=
1
2
∑
k+l=p+1
∑
σ∈S(k−1,l)
ε(σ)[Tk−1(vσ(1), · · · , vσ(k−1)), Tl(vσ(k), · · · , vσ(p))]g.
Remark 2.10. The linear map T0 is just a elementΩ ∈ g
0. Below are the generalized Rota-Baxter
identities for p = 0, 1, 2 :
[Ω,Ω]g = 0,
T1(ρ(Ω)v1) = [Ω, T1(v1)]g,
[T1(v1), T1(v2)]g − T1
(
ρ(T1(v1))v2 + (−1)
v1v2ρ(T1(v2))v1 + λ[v1, v2]h
)
= T2(ρ(Ω)v1, v2) + (−1)
v1v2T2(ρ(Ω)v2, v1) − [Ω, T2(v1, v2)]g.
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Remark 2.11. If the sgLa reduces to a Lie algebra and the action reduces to an action of a Lie
algebra on another Lie algebra, the above definition reduces to the definition of an O-operator of
weight λ on a Lie algebra. More precisely, the linear map T : h −→ g satisfies
[Tu, Tv] = T
(
ρ(Tu)(v) − ρ(Tv)(u) + λ[u, v]h
)
, ∀u, v ∈ h.
Definition 2.12. A degree 0 element R =
∑+∞
i=0 Ri ∈ Hom(S (g), g) with Ri ∈ Hom(S
i(g), g) is
called a homotopy Rota-Baxter operator of weight λ on a sgLa (g, [·, ·]g) if the following equal-
ities hold for all p ≥ 0 and all homogeneous elements x1, · · · , xp ∈ g,∑
1≤i< j≤p
(−1)xi(x1+···+xi−1)+x j(x1+···+x j−1)+xix jRp−1(λ[xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xp)
+
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)Rk−1
(
[Rl(xσ(1), · · · , xσ(l)), xσ(l+1)]g, xσ(l+2), · · · , xσ(p)
)
=
1
2
∑
k+l=p+1
∑
σ∈S(k−1,l)
ε(σ)[Rk−1(xσ(1), · · · , xσ(k−1)),Rl(xσ(k), · · · , xσ(p))]g.
Remark 2.13. A homotopy Rota-Baxter operator R =
∑+∞
i=0 Ri ∈ Hom(S (g), g) of weight λ on
a sgLa (g, [·, ·]g) is a homotopy O-operator of weight λ with respect to the adjoint action ad. If
moreover the sgLa reduces to a Lie algebra, then the resulting linear operator R : g −→ g is a
Rota-Baxter operator of weight λ in the sense that
[R(x),R(y)]g = R
(
[R(x), y]g + [x,R(y)]g + λ[x, y]g
)
, ∀x, y ∈ g.
In the sequel, we construct a dgLa and show that homotopy O-operators of weight λ can be
characterized as its Maurer-Cartan elements to justify our definition of homotopy O-operators of
weight λ. For this purpose, we recall the derived bracket construction of graded Lie algebras. Let
(g, [·, ·]g, d) be a dgLa. We define a new bracket on sg by
[sx, sy]d := (−1)
xs[dx, y]g, ∀x, y ∈ g.(10)
The new bracket is called the derived bracket [22, 49]. It is well known that the derived bracket
is a graded Leibniz bracket on the shifted graded space sg. Note that the derived bracket is not
graded skew-symmetric in general. We recall a basic result.
Proposition 2.14. ([22]) Let (g, [·, ·]g, d) be a dgLa, and let h ⊂ g be a subalgebra which is
abelian, i.e. [h, h]g = 0. If the derived bracket is closed on sh, then (sh, [·, ·]d) is a gLa.
Let ρ be an action of a sgLa (g, [·, ·]g) on a sgLa (h, [·, ·]h). Consider the graded vector space
C∗(h, g) := ⊕n∈ZHom
n(S (h), g). Define a linear map d : Homn(S (h), g) −→ Homn+1(S (h), g) by
(dg)p(v1, · · · , vp)
=
∑
1≤i< j≤p
(−1)n+1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jgp−1(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp).(11)
Also define a graded bracket operation
~·, · : Homm(S (h), g) × Homn(S (h), g) −→ Homm+n+1(S (h), g)
by

f , g

p (v1, · · · , vp)
= −
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ) fk−1
(
ρ
(
gl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
(12)
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+(−1)(m+1)(n+1)
∑
k+l=s+1
∑
σ∈S(k−1,1,p−k)
ε(σ)gl
(
ρ
(
fk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
)
−
∑
k+l=p+1
∑
σ∈S(k−1,l)
(−1)n(vσ(1)+···+vσ(k−1))+m+1ε(σ)[ fk−1(vσ(1), · · · , vσ(k−1)), gl(vσ(k), · · · , vσ(p))]g
for all f =
∑
i fi ∈ Hom
m(S (h), g), g =
∑
gi ∈ Hom
n(S (h), g) with fi, gi ∈ Hom(S
i(h), g) and
v1, · · · , vp ∈ h. Here we write dg =
∑
i(dg)i with (dg)i ∈ Hom(S
i(h), g), and

f , g

=
∑
i

f , g

i
with

f , g

i ∈ Hom(S
i(h), g).
Theorem 2.15. Let ρ be an action of a sgLa (g, [·, ·]g) on a sgLa (h, [·, ·]h). Then (sC
∗(h, g), ~·, · , d)
is a dgLa.
Proof. By Theorem 2.2, the graded Nijenhuis-Richardson bracket [·, ·]NR associated to the direct
sum vector space g ⊕ h gives rise to a gLa (C∗(g ⊕ h, g ⊕ h), [·, ·]NR). Obviously
C∗(h, g) =
⊕
n∈Z
Homn(S (h), g)
is an abelian subalgebra. We denote the symmetric graded Lie brackets [·, ·]g and [·, ·]h by µg
and µh respectively. Since ρ is an action of the sgLa (g, [·, ·]g), µg + ρ is a semidirect product
sgLa structure on g ⊕ h. By Theorem 2.2, we deduce that µg + ρ and λµh are Maurer-Cartan
elements of the gLa (C∗(g⊕h, g⊕h), [·, ·]NR). Define a differential dµg+ρ on (C
∗(g⊕h, g⊕h), [·, ·]NR)
via
dµg+ρ := [µg + ρ, ·]NR.
Further, we define the derived bracket on the graded vector space ⊕n∈ZHom
n(S (h), g) by

f , g

:= (−1)m[dµg+ρ f , g]NR = (−1)
m[[µg + ρ, f ]NR, g]NR,(13)
for all f =
∑
fi ∈ Hom
m(S (h), g), g =
∑
i gi ∈ Hom
n(S (h), g). Write
[µg + ρ, f ]NR =
∞∑
i=0
[µg + ρ, f ]
i
NR with [µg + ρ, f ]
i
NR ∈ Hom(S
i(h), g).
By (7), for all k ≥ 2, x1, · · · , xk ∈ g and v1 · · · , vk ∈ h, we have
[µg + ρ, f ]
k
NR
(
(x1, v1), · · · , (xk, vk)
)
=
(
(µg + ρ) ◦ fk−1 − (−1)
m fk−1 ◦ (µg + ρ)
)(
(x1, v1), · · · , (xk, vk)
)
=
k∑
i=1
(−1)α(µg + ρ)
(
fk−1
(
(x1, v1), · · · , ̂(xi, vi), · · · , (xk, vk)
)
, (xi, vi)
)
−(−1)m
∑
1≤i< j≤k
(−1)β fk−1
(
(µg + ρ)
(
(xi, vi), (x j, v j)
)
, (x1, v1), · · · , ̂(xi, vi), · · · , ̂(x j, v j), · · · , (xk, vk)
)
=
k∑
i=1
(−1)α(µg + ρ)
((
fk−1(v1, · · · , vˆi, · · · , vk), 0
)
, (xi, vi)
)
−(−1)m
∑
1≤i< j≤k
(−1)β fk−1
((
[xi, x j]g, ρ(xi)v j + (−1)
viv jρ(x j)vi
)
, (x1, v1), · · · , ̂(xi, vi), · · · , ̂(x j, v j), · · · , (xk, vk)
)
=
k∑
i=1
(−1)α
(
[ fk−1(v1, · · · , vˆi, · · · , vk), xi]g, ρ( fk−1(v1, · · · , vˆi, · · · , vk))vi
)
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−(−1)m
∑
1≤i< j≤k
(−1)β
(
fk−1(ρ(xi)v j + (−1)
viv jρ(x j)vi, v1, · · · , vˆi, · · · , vˆ j, · · · , vk), 0
)
,
here α = vi(vi+1 + · · ·+ vk) and β = vi(v1 + · · ·+ vi−1)+ v j(v1 + · · ·+ v j−1)+ viv j. On the other hand,
we have [µg + ρ, f ]
0
NR
= 0 and [µg + ρ, f ]
1
NR
(x1, v1) =
(
[ f0, x1]g, ρ( f0)v1
)
.
Moreover, we obtain
[[µg + ρ, f ]NR, g]
p
NR
(
(x1, v1), · · · , (xp, vp)
)
=
( ∑
k+l=p+1
[µg + ρ, f ]
k
NR ◦ gl − (−1)
(m+1)n
∑
k+l=p+1
gl ◦ [µg + ρ, f ]
k
NR
)(
(x1, v1), · · · , (xp, vp)
)
.
By straightforward computations, we have
([µg + ρ, f ]
k
NR ◦ gl)
(
(x1, v1), · · · , (xp, vp)
)
=
∑
σ∈S(l,p−l)
ε(σ)[µg + ρ, f ]
k
NR
(
gl
(
(xσ(1), vσ(1)), · · · , (xσ(l), vσ(l))
)
, (xσ(l+1), vσ(l+1)), · · · , (xσ(p), vσ(p))
)
=
∑
σ∈S(l,p−l)
ε(σ)[µg + ρ, f ]
k
NR
((
gl(vσ(1), · · · , vσ(l)), 0
)
, (xσ(l+1), vσ(l+1)), · · · , (xσ(p), vσ(p))
)
=
∑
σ∈S(l,p−l)
ε(σ)(−1)α¯
(
[ fk−1(vσ(l+1), · · · , vσ(p)), gl(vσ(1), · · · , vσ(l))]g, 0
)
−(−1)m
∑
σ∈S(l,p−l)
ε(σ)
p∑
j=l+1
(−1)β¯
(
fk−1
(
ρ(gl(vσ(1), · · · , vσ(l)))vσ( j), vσ(l+1), · · · , vˆσ( j), · · · , vσ(p)
)
, 0
)
,
where α¯ = (vσ(1) + · · · + vσ(l) + n)(vσ(l+1) + · · · + vσ(p)) and β¯ = vσ( j)(vσ(l+1) + · · · + vσ( j−1)). For any
σ ∈ S(l,p−l), we define τ = τσ ∈ S(s−l,l) by
τ(i) =
{
σ(i + l), 1 ≤ i ≤ p − l;
σ(i − p + l), p − l + 1 ≤ i ≤ s.
Thus ε(τ; v1, · · · , vp) = ε(σ; v1, · · · , vp)(−1)
(vσ(1)+···+vσ(l))(vσ(l+1)+···+vσ(p)). In fact, the elements of S(l,p−l)
are in bijection with the elements of S(p−l,l). Moreover, by k + l = p + 1, we have∑
σ∈S(l,p−l)
ε(σ)(−1)α¯
(
[ fk−1(vσ(l+1), · · · , vσ(p)), gl(vσ(1), · · · , vσ(l))]g, 0
)
=
∑
τ∈S(k−1,l)
ε(τ)(−1)n(vτ(1)+···+vτ(k−1))
(
[ fk−1(vτ(1), · · · , vτ(k−1)), gl(vτ(k), · · · , vτ(p))]g, 0
)
.
For any σ ∈ S(l,p−l) and l + 1 ≤ j ≤ p, we define τ = τσ, j ∈ S(l,1,p−l−1) by
τ(i) =

σ(i), 1 ≤ i ≤ l;
σ( j), i = l + 1;
σ(i − 1), l + 2 ≤ i ≤ j;
σ(i), j + 1 ≤ i ≤ p.
Thus we have ε(τ; v1, · · · , vp) = ε(σ; v1, · · · , vp)(−1)
vσ( j)(vσ(l+1)+···+vσ( j−1)). Then
∑
σ∈S(l,p−l)
ε(σ)
p∑
j=l+1
(−1)β¯
(
fk−1
(
ρ(gl(vσ(1), · · · , vσ(l)))vσ( j), vσ(l+1), · · · , vˆσ( j), · · · , vσ(p)
)
, 0
)
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=
∑
τ∈S(l,1,p−l−1)
ε(τ)
(
fk−1
(
ρ(gl(vτ(1), · · · , vτ(l)))vτ(l+1), vτ(l+2), · · · , vτ(p)
)
, 0
)
.
Therefore, we obtain
([µg + ρ, f ]
k
NR ◦ gl)
(
(x1, v1), · · · , (xp, vp)
)
=
∑
σ∈S(k−1,l)
ε(σ)(−1)n(vσ(1)+···+vσ(k−1))
(
[ fk−1(vσ(1), · · · , vσ(k−1)), gl(vσ(k), · · · , vσ(p))]g, 0
)
−(−1)m
∑
σ∈S(l,1,p−l−1)
ε(σ)
(
fk−1
(
ρ(gl(vσ(1), · · · , vσ(l)))vσ(l+1), vσ(l+2), · · · , vσ(p)
)
, 0
)
.
On the other hand,(
gl ◦ [µg + ρ, f ]
k
NR
)(
(x1, v1), · · · , (xp, vp)
)
=
∑
σ∈S(k,n−k)
ε(σ)gl
(
[µg + ρ, f ]
k
NR
(
(xσ(1), vσ(1)), · · · , (xσ(k), vσ(k))
)
, (xσ(k+1), vσ(k+1)), · · · , (xσ(p), vσ(p))
)
=
∑
σ∈S(k,p−k)
ε(σ)
k∑
i=1
(−1)α
′
(
gl
(
ρ( fk−1(vσ(1), · · · , vˆσ(i), · · · , vσ(k)))vσ(i), vσ(k+1) · · · , vσ(p)
)
, 0
)
,
where α′ = vσ(i)(vσ(i+1) + · · · + vσ(k)). For any σ ∈ S(k,p−k) and 1 ≤ i ≤ k, we define τ = τσ,i ∈
S(k−1,1,p−k) by
τ( j) =

σ( j), 1 ≤ j ≤ i − 1;
σ( j + 1), i ≤ j ≤ k − 1;
σ(i), j = k;
σ( j), k + 1 ≤ j ≤ p.
Thus we have ε(τ; v1, · · · , vp) = ε(σ; v1, · · · , vp)(−1)
vσ(i)(vσ(i+1)+···+vσ(k)). Then we have(
gl ◦ [µg + ρ, f ]
k
NR
)(
(x1, v1), · · · , (xp, vp)
)
=
∑
σ∈S(k−1,1,p−k)
ε(σ)
(
gl
(
ρ( fk−1(vσ(1), · · · , vσ(k−1)))vσ(k), vσ(k+1) · · · , vσ(p)
)
, 0
)
.
By (13), we obtain that the derived bracket ~·, · is closed on sC∗(h, g), and given by (12). There-
fore, (sC∗(h, g), ~·, ·) is a gLa.
Moreover, by Imρ ⊂ Der(h), we have [µg+ρ, λµh]NR = 0.We define a linear map d =: [λµh, ·]NR
on the graded space C∗(g ⊕ h, g ⊕ h). For all g ∈ Homn(S (h), g), we have
(dg)p
(
(x1, v1), · · · , (xp, vp)
)
= [λµh, g]
p
NR
(
(x1, v1), · · · , (xp, vp)
)
=
(
λµh ◦ gp−1 − (−1)
ngp−1 ◦ λµh
)(
(x1, v1), · · · , (xp, vp)
)
=
∑
1≤i< j≤p
(−1)n+1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv j
(
gp−1(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp), 0
)
.
Thus d is closed on the subspace sC∗(h, g), and is given by (11). By [λµh, λµh]NR = 0, we ob-
tain that d2 = 0. Moreover, by [µg + ρ, λµh]NR = 0, we deduce that d is a derivation of the
gLa (sC∗(h, g), ~·, ·). Therefore, (sC∗(h, g), ~·, · , d) is a dgLa. 
Homotopy O-operators of weight λ can be characterized as Maurer-Cartan elements of the
above dgLa. Note that an element T =
∑+∞
i=0 Ti ∈ Hom(S (h), g) is of degree 0 if and only if the
corresponding element T ∈ sHom(S (h), g) is of degree 1.
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Theorem 2.16. Let ρ be an action of a sgLa (g, [·, ·]g) on a sgLa (h, [·, ·]h). A degree 0 element
T =
∑+∞
i=0 Ti ∈ Hom(S (h), g) is a homotopy O-operator of weight λ on g with respect to the action
ρ if and only if T =
∑+∞
i=0 Ti is a Maurer-Cartan element of the dgLa(sC
∗(h, g), ~·, · , d), i.e.
dT +
1
2
~T, T = 0.
Proof. For a degree 0 element T =
∑+∞
i=0 Ti of the graded vector space C
∗(h, g), we write
dT +
1
2
~T, T =
∑
i
(dT +
1
2
~T, T)i with (dT +
1
2
~T, T)i ∈ Hom(S
i(h), g).
By Theorem 2.15, we have
(dT +
1
2
~T, T)p(v1, · · · , vp)
=
∑
1≤i< j≤p
(−1)1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jTp−1(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp)
−
1
2
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)Tk−1
(
ρ
(
Tl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
−
1
2
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)Tl
(
ρ
(
Tk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
)
+
1
2
∑
k+l=p+1
∑
σ∈S(k−1,l)
ε(σ)[Tk−1(vσ(1), · · · , vσ(k−1)), Tl(vσ(k), · · · , vσ(p))]g
= −
∑
1≤i< j≤p
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jTp−1(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp)
−
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)Tk−1
(
ρ
(
Tl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
+
1
2
∑
k+l=p+1
∑
σ∈S(k−1,l)
ε(σ)[Tk−1(vσ(1), · · · , vσ(k−1)), Tl(vσ(k), · · · , vσ(p))]g.
Thus, T =
∑+∞
i=0 Ti ∈ Hom(S (h), g) is a homotopy O-operator of weight λ on g with respect to the
action ρ if and only if T =
∑+∞
i=0 Ti is a Maurer-Cartan element of the dgLa (sC
∗(h, g), ~·, · , d). 
We note that a Lie algebra is a sgLa concentrated at degree −1. Moreover, a Lie algebra
action is the same as an action of the sgLa on a graded vector space concentrated at degree −1.
Therefore, we have the following corollary.
Corollary 2.17. Let ρ : g → Der(h) be an action of a Lie algebra g on a Lie algebra h. Then a
linear map T : h → g is an O-operator of weight λ on g with respect to the action ρ if and only
if T is a Maurer-Cartan element of the dgLa (⊕
dim(h)
n=0
Hom(∧nh, g), ~·, · , d), where the differential
d : Hom(∧nh, g) → Hom(∧n+1h, g) is given by
(dg)(v1, · · · , vn+1) =
∑
1≤i< j≤n+1
(−1)n+i+ j−1g(λ[vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vn+1),
for all g ∈ Cn(h, g) and v1, · · · , vn+1 ∈ h, and the graded Lie bracket
~·, · : Hom(∧nh, g) × Hom(∧mh, g) −→ Hom(∧m+nh, g)
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is given by

g1, g2

(v1, · · · , vm+n)
:= −
∑
σ∈S(m,1,n−1)
(−1)σg1
(
ρ
(
g2(vσ(1), · · · , vσ(m))
)
vσ(m+1), vσ(m+2), · · · , vσ(m+n)
)
+(−1)mn
∑
σ∈S(n,1,m−1)
(−1)σg2
(
ρ
(
g1(vσ(1), · · · , vσ(n))
)
vσ(n+1), vσ(n+2), · · · , vσ(m+n)
)
−(−1)mn
∑
σ∈S(n,m)
(−1)σ[g1(vσ(1), · · · , vσ(n)), g2(vσ(n+1), · · · , vσ(m+n))]g
for all g1 ∈ Hom(∧
nh, g), g2 ∈ Hom(∧
mh, g) and v1, · · · , vm+n ∈ h.
If the Lie algebra h is abelian in the above corollary, we recover the gLa that controls the
deformations of O-operators of weight 0 given in [45, Proposition 2.3].
3. Operator homotopy post-Lie algebras
In this section, we first recall the notion of a post-Lie algebra, and then give the definition of an
operator homotopy post-Lie algebra as a variation of a homotopy post-Lie algebra. We construct
a dgLa and show that operator homotopy post-Lie algebras can be characterized as its Maurer-
Cartan elements to justify the notion. We also show that operator homotopy post-Lie algebras
naturally arise from homotopy O-operators of weight 1.
Definition 3.1. ([48]) A post-Lie algebra (g, [·, ·]g,⊲) consists of a Lie algebra (g, [·, ·]g) and a
binary product ⊲ : g ⊗ g → g such that
x ⊲ [y, z]g = [x ⊲ y, z]g + [y, x ⊲ z]g,(14)
[x, y]g ⊲ z = a⊲(x, y, z) − a⊲(y, x, z),(15)
here a⊲(x, y, z) := x ⊲ (y ⊲ z) − (x ⊲ y) ⊲ z and x, y, z ∈ g.
Define L⊲ : g → gl(g) by L⊲(x)(y) = x ⊲ y. Then by (14), L⊲ is a linear map from g to Der(g).
In the sequel, we will say that L⊲ is a post-Lie algebra structure on the Lie algebra (g, [·, ·]g).
Remark 3.2. Let (g, [·, ·]g,⊲) be a post-Lie algebra. If the Lie bracket [·, ·]g = 0, then (g,⊲)
becomes a pre-Lie algebra. Thus, a post-Lie algebra can be viewed as a nonabelian version of a
pre-Lie algebra. See [8, 9] for the classifications of post-Lie algebras on certain Lie algebras, and
[34] for applications of post-Lie algebras in numerical integration.
The following well-known result is a special case of splitting of operads [4, 39, 48].
Proposition 3.3. Let (g, [·, ·]g,⊲) be a post-Lie algebra. Then the bracket [·, ·]C defined by
[x, y]C := x ⊲ y − y ⊲ x + [x, y]g, ∀x, y ∈ g,(16)
is a Lie bracket.
We denote this Lie algebra by gC and call it the sub-adjacent Lie algebra of (g, [·, ·]g,⊲).
Definition 3.4. An operator homotopy post-Lie algebra is a sgLa (g, [·, ·]g) equipped with a
collection (k ≥ 1) of linear maps θk : ⊗
kg → g of degree 1 satisfying, for every collection of
homogeneous elements x1, · · · , xn, xn+1 ∈ g,
(i) (graded symmetry) for every σ ∈ Sn−1, n ≥ 1,
θn(xσ(1), · · · , xσ(n−1), xn) = ε(σ)θn(x1, · · · , xn−1, xn),(17)
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(ii) (graded derivation) for all n ≥ 1,
θn(x1, · · · , xn−1, [xn, xn+1]g) = (−1)
x1+···+xn−1+1[θn(x1, · · · , xn−1, xn), xn+1]g
+(−1)(x1+···+xn−1+1)(xn+1)[xn, θn(x1, · · · , xn−1, xn+1)]g,(18)
(iii) for all n ≥ 1,∑
i+ j=n+1
i≥1, j≥2
∑
σ∈S(i−1,1, j−2)
ε(σ)θ j(θi(vσ(1), · · · , vσ(i−1), vσ(i)), vσ(i+1), · · · , vσ(n−1), vn)
+
∑
i+ j=n+1
i≥1, j≥1
∑
σ∈S( j−1,i−1)
(−1)αε(σ)θ j(vσ(1), · · · , vσ( j−1), θi(vσ( j), · · · , vσ(n−1), vn))(19)
=
∑
1≤i< j≤n−1
(−1)βθn−1([xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn),
where β = xi(x1+ · · ·+ xi−1)+ x j(x1+ · · ·+ x j−1)+ xix j+1 and α = xσ(1)+ xσ(2)+ · · ·+ xσ( j−1).
The notion of a pre-Lie∞ algebra was introduced in [10]. See [32] for more applications of pre-
Lie∞ algebras in geometry. Recall that a pre-Lie∞ algebra is a graded vector space V equipped
with a collection of linear maps θk : ⊗
kV → V, k ≥ 1, of degree 1 with the property that, for any
homogeneous elements v1, · · · , vn ∈ V , we have
(i) (graded symmetry) for every σ ∈ Sn−1,
θn(vσ(1), · · · , vσ(n−1), vn) = ε(σ)θn(v1, · · · , vn−1, vn),
(ii) for all n ≥ 1,∑
i+ j=n+1
i≥1, j≥2
∑
σ∈S(i−1,1, j−2)
ε(σ)θ j(θi(vσ(1), · · · , vσ(i−1), vσ(i)), vσ(i+1), · · · , vσ(n−1), vn)
+
∑
i+ j=n+1
i≥1, j≥1
∑
σ∈S( j−1,i−1)
(−1)αε(σ)θ j(vσ(1), · · · , vσ( j−1), θi(vσ( j), · · · , vσ(n−1), vn)) = 0,
where α = vσ(1) + vσ(2) + · · · + vσ( j−1).
It is straightforward to see that an operator homotopy post-Lie algebra (g, [·, ·]g, {θk}
∞
k=1
) reduces
to a pre-Lie∞ algebra when (g, [·, ·]g) is an abelian sgLa.
Remark 3.5. The explicit definition of a homotopy post-Lie algebra is still not known though its
operad should be the minimal model of the post-Lie operad by general construction as noted in the
introduction [27]. Since a Rota-Baxter Lie algebra of weight 1 gives a post-Lie algebra, we expect
that a Rota-Baxter homotopy Lie algebra of weight 1 (a homotopy Lie algebra with a Rota-Baxter
operator of weight 1) induces a homotopy post-Lie algebra. Based on preliminary computations
in this regards, there should be more terms in the right hand side of (19) in the definition of
a homotopy post-Lie algebra, suggesting that the homotopy post-Lie algebra is different from
the operator homotopy post-Lie algebra just defined. So we have chosen a different name for
distinction.
Now we construct the dgLa that characterizes operator homotopy post-Lie algebras as Maurer-
Cartan elements. Let (h, [·, ·]h) be a sgLa. Denote by
C¯n(h, h) = Homn(S (h), s−1Der(h)), C¯∗(h, h) := ⊕n∈ZC¯
n(h, h).
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• Define a graded linear map ∂ : C¯n(h, h) → C¯n+1(h, h) by
(∂β)p(v1, · · · , vp) =
∑
1≤i< j≤s
(−1)n+1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jβp−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp),
• Define a graded bracket operation
[·, ·]c : C¯m(h, h) × C¯n(h, h) −→ C¯m+n+1(h, h)
by
[α, β]cp(v1, · · · , vp)
= −
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)αk−1
(
s
(
βl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
+(−1)(m+1)(n+1)
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)βl
(
s
(
αk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
)
−
∑
k+l=p+1
∑
σ∈S(k−1,l)
(−1)(n+1)(vσ(1)+···+vσ(k−1))ε(σ)s−1[sαk−1(vσ(1), · · · , vσ(k−1)), sβl(vσ(k), · · · , vσ(p))]
for all α =
∑
i αi ∈ C¯
m(h, h), β =
∑
i βi ∈ C¯
n(h, h) with αi, βi ∈ Hom(S
i(h), s−1Der(h))
and v1, · · · , vp ∈ h. Here we write ∂β =
∑
i(∂β)i with (∂β)i ∈ Hom(S
i(h), s−1Der(h)) and
[α, β]c =
∑
i[α, β]
c
i
with [α, β]c
i
∈ Hom(S i(h), s−1Der(h)).
Theorem 3.6. With above notations, (sC¯∗(h, h), [·, ·]c, ∂) is a dgLa. Moreover, its Maurer-Cartan
elements are precisely the operator homotopy post-Lie algebra structures on the sgLa (h, [·, ·]h).
Proof. Setting λ = 1, g = s−1Der(h) and ρ = s in Theorem 2.15, we find that (sC¯∗(h, h), [·, ·]c, ∂)
is a dgLa.
Let L =
∑+∞
i=0 Li ∈ Hom
0(S (h), s−1Der(h)) with Li ∈ Hom(S
i(h), s−1Der(h)) be a Maurer-Cartan
element of the dgLa (sC¯∗(h, h), [·, ·]c, ∂). We define a collection of linear maps θk : ⊗
kh → h
(k ≥ 1) of degree 1 by
θk(v1, · · · , vk) :=
(
sLk−1(v1, · · · , vk−1)
)
vk, ∀v1 · · · , vk ∈ h.(20)
By Ln−1 ∈ Hom
0(S n−1(h), s−1Der(h)), we obtain (17) and (18). Moreover, write ∂L + 1
2
[L, L]c =∑
i(∂L +
1
2
[L, L]c)i with (∂L +
1
2
[L, L]c)i ∈ Hom(S
i(h), s−1Der(h)). Then for all v1, · · · , vn ∈ h, by
a similar computation as in the proof of Theorem 2.16, we have(
s
(
(∂L +
1
2
[L, L]c)n−1
)
(v1, · · · , vn−1)
)
vn
= −
∑
1≤i< j≤n−1
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv j sLn−2([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vn−1)vn
−
∑
k+l=n
∑
σ∈S(l,1,n−l−2)
ε(σ)sLk−1
(
s
(
Ll(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(n−1)
)
vn
−
1
2
∑
k+l=n
∑
σ∈S(k−1,l)
(−1)vσ(1)+···+vσ(k−1)ε(σ)[sLk−1(vσ(1), · · · , vσ(k−1)), sLl(vσ(k), · · · , vσ(n−1))]vn
= −
∑
1≤i< j≤n−1
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jθn−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vn−1, vn)
−
∑
k+l=n
∑
σ∈S(l,1,n−l−2)
ε(σ)θk
(
θl+1(vσ(1), · · · , vσ(l), vσ(l+1)), vσ(l+2), · · · , vσ(n−1), vn
)
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−
1
2
∑
k+l=n
∑
σ∈S(k−1,l)
(−1)vσ(1)+···+vσ(k−1)ε(σ)θk
(
vσ(1), · · · , vσ(k−1), θl+1(vσ(k), · · · , vσ(n−1), vn)
)
−
1
2
∑
k+l=n
∑
σ∈S(k−1,l)
(−1)(vσ(1)+···+vσ(k−1)+1)(vσ(k)+···+vσ(n−1))ε(σ)θl+1
(
vσ(k), · · · , vσ(n−1), θk(vσ(1), · · · , vσ(k−1), vn)
)
.
For any σ ∈ S(k−1,l), we define τ ∈ S(l,k−1) by
τ(i) :=
{
σ(i + k − 1), 1 ≤ i ≤ l;
σ(i − l), l + 1 ≤ i ≤ n − 1.
Thus we have ε(τ; v1, · · · , vn−1) = ε(σ; v1, · · · , vn−1)(−1)
(vσ(1)+···+vσ(k−1))(vσ(k)+···+vσ(n−1)). Applying the
bijection between S(k−1,l) and S(l,k−1), we obtain
−
1
2
∑
k+l=n
∑
σ∈S(k−1,l)
(−1)(vσ(1)+···+vσ(k−1)+1)(vσ(k)+···+vσ(n−1))ε(σ)θl+1
(
vσ(k), · · · , vσ(n−1), θk(vσ(1), · · · , vσ(k−1), vn)
)
= −
1
2
∑
k+l=n
∑
τ∈S(l,k−1)
(−1)vτ(1)+···+vτ(l)ε(τ)θl+1
(
vτ(1), · · · , vτ(l), θk(vτ(l+1), · · · , vτ(n−1), vn)
)
.
Therefore, we have(
s
(
(∂L +
1
2
[L, L]c)n−1
)
(v1, · · · , vn−1)
)
vn
= −
∑
1≤i< j≤n−1
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jθn−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vn−1, vn)
−
∑
k+l=n
∑
σ∈S(l,1,n−l−2)
ε(σ)θk
(
θl+1(vσ(1), · · · , vσ(l), vσ(l+1)), vσ(l+2), · · · , vσ(n−1), vn
)
−
∑
k+l=n
∑
σ∈S(k−1,l)
(−1)vσ(1)+···+vσ(k−1)ε(σ)θk
(
vσ(1), · · · , vσ(k−1), θl+1(vσ(k), · · · , vσ(n−1), vn)
)
,
which implies (19). Thus, {θk}
∞
k=1
is an operator homotopy post-Lie algebra structure on the
sgLa (h, [·, ·]h). 
When the sgLa h reduces to a usual Lie algebra, we characterize post-Lie algebra structures on
h as Maurer-Cartan elements. See [8, 9, 15, 38] for classifications of post-Lie algebras on some
specific Lie algebras.
Corollary 3.7. Let (h, [·, ·]h) be a Lie algebra. Denote by C¯
n(h, h) := Hom(∧nh,Der(h)) and
C¯∗(h, h) := ⊕n≥0C¯
n(h, h). Then (C¯∗(h, h), [·, ·]c, ∂) is a dgLa, where the differential ∂ : C¯n(h, h) →
C¯n+1(h, h) is given by
(∂α)(u1, · · · , un+1) =
∑
1≤i< j≤n+1
(−1)n+i+ j−1α([ui, u j]h, u1, · · · , uˆi, · · · , uˆ j, · · · , un+1),
and the graded Lie bracket [·, ·]c : C¯n(h, h) × C¯m(h, h) → C¯m+n(h, h) is given by
[α, β]c(u1, · · · , um+n)
= −
∑
σ∈S(m,1,n−1)
(−1)σα(β(uσ(1), · · · , uσ(m))uσ(m+1), uσ(m+2), · · · , uσ(m+n))
+(−1)mn
∑
σ∈S(n,1,m−1)
(−1)σβ(α(uσ(1), · · · , uσ(n))uσ(n+1), uσ(n+2), · · · , uσ(m+n))
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−(−1)mn
∑
σ∈S(n,m)
(−1)σ[α(uσ(1), · · · , uσ(n)), β(uσ(n+1), · · · , uσ(m+n))],
for all α ∈ Hom(∧nh,Der(h)), β ∈ Hom(∧mh,Der(h)) and u1, · · · , um+n ∈ h.
Moreover, L⊲ : h → Der(h) defines a post-Lie algebra structure on the Lie algebra (h, [·, ·]h) if
and only if L⊲ is a Maurer-Cartan element of the dgLa (C¯
∗(h, h), [·, ·]c, ∂).
When the sgLa h is abelian, we characterize pre-Lie∞-algebras as Maurer-Cartan elements,
which was originally given in [10].
Corollary 3.8. Let V be a Z-graded vector space. Denote
C¯n(V,V) := Homn(S (V), gl(V)), C¯∗(V,V) := ⊕n∈ZC¯
n(V,V).
Then (C¯∗(V,V), [·, ·]c) is a gLa, where the graded Lie bracket [·, ·]c : C¯m(V,V) × C¯n(V,V) −→
C¯m+n(V,V) is given by
[α, β]cp(v1, · · · , vp)
= −
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)αk−1
(
βl(vσ(1), · · · , vσ(l))vσ(l+1), vσ(l+2), · · · , vσ(p)
)
+(−1)mn
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)βl
(
αk−1(vσ(1), · · · , vσ(k−1))vσ(k), vσ(k+1), · · · , vσ(p)
)
−
∑
k+l=p+1
∑
σ∈S(k−1,l)
(−1)n(vσ(1)+···+vσ(k−1))ε(σ)[αk−1(vσ(1), · · · , vσ(k−1)), βl(vσ(k), · · · , vσ(p))],
for all α =
∑
i αi ∈ C¯
m(V,V), β =
∑
βi ∈ C¯
n(V,V) with αi, βi ∈ Hom(S
i(V),V).
Moreover, L =
∑∞
i=0 Li ∈ Hom
1(S (h), gl(h)) defines a pre-Lie∞ algebra structure by
θk(v1, · · · , vk) := Lk−1(v1, · · · , vk−1)vk, ∀v1 · · · , vk ∈ h,(21)
on the graded vector space V if and only if L =
∑∞
i=0 Li is a Maurer-Cartan element of the
gLa (C¯∗(V,V), [·, ·]c).
In the above corollary, if the graded vector space V reduces to a usual vector space, we charac-
terize pre-Lie algebra structures as Maurer-Cartan elements. See [10, 37, 50] for more details.
It is known that post-Lie algebras naturally arise from O-operators of weight 1 as follows.
Proposition 3.9. ([5]) Let T : h→ g be an O-operator of weight 1. Then (h, [·, ·]h,⊲) is a post-Lie
algebra, where ⊲ is given by
u ⊲ v = ρ(Tu)v, ∀u, v ∈ h.
In the sequel, we generalize the above relation to homotopy O-operators of weight 1 and oper-
ator homotopy post-Lie algebras.
Define a graded linear map Ψ : C∗(h, g) → C¯∗(h, h) of degree 0 by
Ψ( f ) = s−1 ◦ ρ ◦ f , ∀ f ∈ Homm(S (h), g).
Therefore, we have Ψ( f )k = s
−1 ◦ ρ ◦ fk. In the following, we set λ = 1 in Theorem 2.15 for
notational simplicity.
Theorem 3.10. Let (g, [·, ·]g) and (h, [·, ·]h) be sgLa’s and ρ : g → Der(h) a sgLa action. Then Ψ
is a homomorphism of dgLa’s from (sC∗(h, g), ~·, · , d) to (sC¯∗(h, h), [·, ·]c, ∂).
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Proof. For all f =
∑
i fi ∈ Hom
m(S (h), g), g =
∑
i gi ∈ Hom
n(S (h), g) with fi, gi ∈ Hom(S
i(h), g),
we write [Ψ( f ),Ψ(g)]c−Ψ(

f , g

) =
∑
i
(
[Ψ( f ),Ψ(g)]c−Ψ(

f , g

)
)
i
. Since s−1◦ρ : g → s−1Der(h)
is a sgLa homomorphism, we have(
[Ψ( f ),Ψ(g)]c − Ψ(

f , g

)
)
p
(v1, · · · , vp)
= −
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)Ψ( f )k−1
(
s
(
Ψ(g)l(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
)
+(−1)(m+1)(n+1)
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)Ψ(g)l
(
s
(
Ψ( f )k−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
)
−
∑
k+l=p+1
∑
σ∈S(p−l,l)
(−1)(n+1)(vσ(1)+···+vσ(p−l))ε(σ)s−1[sΨ( f )k−1(vσ(1), · · · , vσ(p−l)), sΨ(g)l(vσ(p−l+1), · · · , vσ(p))]
+
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)s−1ρ
(
fk−1
(
ρ
(
gl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
))
−(−1)(m+1)(n+1)
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)s−1ρ
(
gl
(
ρ
(
fk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
))
+
∑
k+l=p+1
∑
σ∈S(p−l,l)
(−1)n(vσ(1)+···+vσ(p−l))+m+1ε(σ)s−1ρ[ fk−1(vσ(1), · · · , vσ(p−l)), gl(vσ(p−l+1), · · · , vσ(p))]g
= −
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)s−1ρ
(
fk−1
(
ρ
(
gl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
))
+(−1)(m+1)(n+1)
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)s−1ρ
(
gl
(
ρ( fk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
))
−
∑
k+l=p+1
∑
σ∈S(p−l,l)
(−1)(n+1)(vσ(1)+···+vσ(p−l))ε(σ)s−1[ρ
(
fk−1(vσ(1), · · · , vσ(p−l))
)
, ρ
(
gl(vσ(p−l+1), · · · , vσ(p))
)
]
+
∑
k+l=p+1
∑
σ∈S(l,1,p−l−1)
ε(σ)s−1ρ
(
fk−1
(
ρ
(
gl(vσ(1), · · · , vσ(l))
)
vσ(l+1), vσ(l+2), · · · , vσ(p)
))
−(−1)(m+1)(n+1)
∑
k+l=p+1
∑
σ∈S(k−1,1,p−k)
ε(σ)s−1ρ
(
gl
(
ρ
(
fk−1(vσ(1), · · · , vσ(k−1))
)
vσ(k), vσ(k+1), · · · , vσ(p)
))
+
∑
k+l=p+1
∑
σ∈S(p−l,l)
(−1)n(vσ(1)+···+vσ(p−l))+m+1ε(σ)s−1ρ([ fk−1(vσ(1), · · · , vσ(p−l)), gl(vσ(p−l+1), · · · , vσ(p))]g)
= 0.
Moreover, for all g ∈ Homn(S (h), g), we have(
(∂ ◦ Ψ −Ψ ◦ d)(g)
)
p
(v1, · · · , vp)
=
(
∂(Ψ(g))
)
p(v1, · · · , vp) −
(
Ψ(dg)
)
p(v1, · · · , vp)
=
∑
1≤i< j≤p
(−1)n+1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv j(Ψ(g))p−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp)
−
∑
1≤i< j≤p
(−1)n+1+vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv j s−1ρ
(
gp−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vp)
)
= 0.
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Thus, we deduce that Ψ is a homomorphism. 
Now we are ready to show that the homotopy O-operators of weight 1 induce operator homo-
topy post-Lie algebras.
Theorem 3.11. Let T =
∑+∞
i=0 Ti ∈ Hom
0(S (h), g) be a homotopy O-operator of weight 1 on a
sgLa (g, [·, ·]g) with respect to an action ρ : g → Der(h). Then (h, [·, ·]h, {θk}
∞
k=1
) is an operator
homotopy post-Lie algebra, where θk : ⊗
kh → h (k ≥ 1) are linear maps of degree 1 defined by
θk(v1, · · · , vk) := ρ(Tk−1(v1, · · · , vk−1)
)
vk, ∀v1 · · · , vk ∈ h.(22)
Proof. By Theorem 2.16 and Theorem 3.10, we deduce that Ψ(T ) ia a Maurer-Cartan element
of the dgLa (sC¯∗(h, h), [·, ·]c, ∂). Moreover, by Theorem 3.6, we obtain that (h, [·, ·]h, {θk}
∞
k=1
) is an
operator homotopy post-Lie algebra. 
Corollary 3.12. Let T =
∑+∞
i=0 Ti ∈ Hom
0(S (V), g) be a homotopy O-operator of weight 0 on a
sgLa (g, [·, ·]g) with respect to an action ρ : g → gl(V). Then (V, {θk}
∞
k=1
) is a pre-Lie∞ algebra,
where θk : ⊗
kV → V (k ≥ 1) are linear maps of degree 1 defined by
θk(v1, · · · , vk) := ρ(Tk−1(v1, · · · , vk−1)
)
vk, ∀v1 · · · , vk ∈ V.(23)
It is straightforward to obtain the following result.
Proposition 3.13. Let (g, [·, ·]g, {θk}
∞
k=1
) be an operator homotopy post-Lie algebra. Then (g, {lk}
∞
k=1
)
is an L∞-algebra, where l1 = θ1, l2 is defined by
(24) l2(x, y) = θ2(x, y) + (−1)
xyθ2(y, x) + [x, y]g,
and for k ≥ 3, lk is defined by
(25) lk(x1, · · · , xk) =
k∑
i=1
(−1)xi(xi+1+···+xk)θk(x1, · · · , xˆi, · · · , xk, xi).
Definition 3.14. ([21, 31]) Let (V, {lk}
∞
k=1) be an L∞-algebra and (V
′, {l′m}
∞
m=1) an L∞-algebra in
which l′m = 0 for all m ≥ 1 except m = 2. A curved L∞-algebra homomorphism from (V, {lk}
∞
k=1
)
to (V ′, l′2) consists of a collection of degree 0 graded multilinear maps fk : V
⊗k → V ′, k ≥ 0
with the property that, fn(vσ(1), · · · , vσ(n)) = ε(σ) fn(v1, · · · , vn), for any n ≥ 0 and homogeneous
elements v1, · · · , vn ∈ V , and
n∑
i=1
∑
σ∈S(i,n−i)
ε(σ) fn−i+1(li(vσ(1), · · · , vσ(i)), vσ(i+1), · · · , vσ(n))
=
1
2
n∑
i=0
∑
σ∈S(i,n−i)
ε(σ)l′2( fi(vσ(1), · · · , vσ(i)), fn−i(vσ(i+1), · · · , vσ(n))).
Then combining Theorem 3.11 and Theorem 3.13, we obtain
Theorem 3.15. Let T =
∑+∞
i=0 Ti ∈ Hom(S (h), g) be a homotopy O-operator of weight 1 on a
sgLa (g, [·, ·]g) with respect to the action ρ : g → Der(h). Then T is a curved L∞-algebra
homomorphism from the L∞-algebra (h, {lk}
∞
k=1
) to (g, [·, ·]g).
Proof. For all v1, · · · , vn ∈ h, we have
n∑
i=1
∑
σ∈S(i,n−i)
ε(σ)Tn−i+1(li(vσ(1), · · · , vσ(i)), vσ(i+1), · · · , vσ(n))
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=
∑
σ∈S(1,n−1)
ε(σ)Tn
(
ρ(T0)vσ(1), vσ(2), · · · , vσ(n)
)
+
∑
σ∈S(2,n−1)
ε(σ)Tn−1(ρ(T1(vσ(1)))vσ(2) + (−1)
vσ(1)vσ(2)ρ(T1(vσ(2)))vσ(1) + [vσ(1), vσ(2)]g, · · · , vσ(n))
+
n∑
i=3
∑
σ∈S(i,n−i)
i∑
l=1
ε(σ)(−1)vσ(l)(vσ(1+1)+···+vσ(i))Tn−i+1
(
ρ(Ti−1(vσ(1), · · · , vˆσ(l), · · · , vσ(i))
)
vˆσ(l), vσ(i+1), · · · , vσ(n)
)
=
∑
1≤i< j≤n
(−1)vi(v1+···+vi−1)+v j(v1+···+v j−1)+viv jTn−1([vi, v j]h, v1, · · · , vˆi, · · · , vˆ j, · · · , vn)
n∑
i=1
∑
σ∈S(i−1,1,n−i)
ε(σ)Tn−i+1
(
ρ(Ti−1(vσ(1), · · · , vσ(i−1))
)
vσ(i), vσ(i+1), · · · , vσ(n)
)
(9)
=
1
2
n∑
i=0
∑
σ∈S(i,n−i)
ε(σ)[Ti(vσ(1), · · · , vσ(i)), Tn−i(vσ(i+1), · · · , vσ(n))]g,
which implies that T is a curved L∞-algebra homomorphism. 
Similarly, the above result also holds for homotopy O-operators of weight 0.
4. Classification of 2-term skeletal operator homotopy post-Lie algebras
In general, it is expected that the 2-term homotopy of an algebra structure is equivalent to
the categorification of this algebraic structure, and the 2-term homotopy algebras are quasi-
isomorphic to the 2-term skeletal homotopy algebras, which are classified by the third coho-
mological group. Baez and Crans [3] accomplished these for Lie algebras. In this spirit, we
classify 2-term skeletal operator homotopy post-Lie algebras by the third cohomology group of a
post-Lie algebra. For this purpose, we first define representations of post-Lie algebras and then
develop the corresponding cohomology theory.
4.1. Representations of post-Lie algebras. Here we introduce the notion of a representation of
a post-Lie algebra (g, [·, ·]g,⊲) on a vector space V . We show that there is naturally an induced
representation of the subadjacent Lie algebra gC on Der(g,V). This fact plays a crucial role in our
study of cohomology groups of post-Lie algebras in the next subsection.
Definition 4.1. A representation of a post-Lie algebra (g, [·, ·]g,⊲) on a vector space V is a
triple (ρ, µ, ν), where ρ : g −→ gl(V) is a representation of the Lie algebra (g, [·, ·]g) on V , and
µ, ν : g −→ gl(V) are linear maps satisfying
ρ(x ⊲ y) = µ(x) ◦ ρ(y) − ρ(y) ◦ µ(x),(26)
ν([x, y]g) = ρ(x) ◦ ν(y) − ρ(y) ◦ ν(x),(27)
µ([x, y]g) = µ(x) ◦ µ(y) − µ(x ⊲ y) − µ(y) ◦ µ(x) + µ(y ⊲ x),(28)
ν(y) ◦ ρ(x) = µ(x) ◦ ν(y) − ν(y) ◦ µ(x) − ν(x ⊲ y) + ν(y) ◦ ν(x), ∀x, y ∈ g.(29)
Let (g, [·, ·]g,⊲) be a post-Lie algebra and (V; ρ, µ, ν) a representation of (g, [·, ·]g,⊲). By Propo-
sition 3.3 and (28), we deduce that (V; µ) is a representation of the sub-adjacent Lie algebra
(g, [·, ·]C). It is obvious that (g; ad, L⊲,R⊲) is a representation of a post-Lie algebra on itself,
which is called the regular representation.
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Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Define a Lie bracket
[·, ·]ρ : ⊗
2(g ⊕ V) → g ⊕ V by
[x1 + v1, x2 + v2]ρ := [x1, x2]g + ρ(x1)v2 − ρ(x2)v1,(30)
and a bilinear operation ⊲µ,ν : ⊗
2(g ⊕ V) → g ⊕ V by
(x1 + v1) ⊲µ,ν (x2 + v2) := x1 ⊲ x2 + µ(x1)v2 + ν(x2)v1.(31)
By straightforward computations, we have
Theorem 4.2. With the above notations, (g ⊕ V, [·, ·]ρ,⊲µ,ν) is a post-Lie algebra.
This post-Lie algebra is called the semidirect product of the post-Lie algebra (g, [·, ·]g,⊲) and
the representation (V; ρ, µ, ν), and denoted by g ⋉ρ,µ,ν V .
Proposition 4.3. Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Then
(V; ρ + µ − ν) is a representation of the sub-adjacent Lie algebra (g, [·, ·]C).
Proof. By Theorem 4.2, we have the semidirect product post-Lie algebra g ⋉ρ,µ,ν V . Considering
its sub-adjacent Lie algebra structure [·, ·]C, we have
[(x1 + v1), (x2 + v2)]C = (x1 + v1) ⊲µ,ν (x2 + v2) − (x2 + v2) ⊲µ,ν (x1 + v1) + [x1 + v1, x2 + v2]ρ
= x1 ⊲ x2 + µ(x1)v2 + ν(x2)v1 − x2 ⊲ x1 − µ(x2)v1 − ν(x1)v2
+[x1, x2]g + ρ(x1)v2 − ρ(x2)v1
= [x1, x2]C + (ρ + µ − ν)(x1)v2 − (ρ + µ − ν)(x2)v1.(32)
Thus, (V; ρ + µ − ν) is a representation of the sub-adjacent Lie algebra (g, [·, ·]C). 
If (ρ, µ, ν) = (ad, L⊲,R⊲) is the regular representation of a post-Lie algebra (g, [·, ·]g,⊲), then
ad + L⊲ − R⊲ is the adjoint representation of the sub-adjacent Lie algebra (g, [·, ·]C).
Corollary 4.4. Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Then the
semidirect product post-Lie algebras g ⋉ρ,µ,ν V and g ⋉0,ρ+µ−ν,0 V given by the representations
(V; ρ, µ, ν) and (V; 0, ρ+µ−ν, 0) respectively have the same sub-adjacent Lie algebra gC ⋉ρ+µ−νV
given by (32), which is the semidirect product of the Lie algebra (g, [·, ·]C) and its representation
(V; ρ + µ − ν).
Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). We set
Der(g,V) :=
{
f ∈ Hom(g,V)
∣∣∣ f ([x, y]g) = ρ(x) f (y) − ρ(y) f (x), ∀x, y ∈ g}(33)
and define ρˆ : g → Hom
(
Der(g,V),Hom(g,V)
)
by
(
ρˆ(x)( f )
)
y := µ(x) f (y) + ν(y) f (x) − f (x ⊲ y), ∀x, y ∈ g, f ∈ Der(g,V).(34)
By a straightforward computation, we deduce
Lemma 4.5. For all x ∈ g, we have ρˆ(x) ∈ gl(Der(g,V)).
Theorem 4.6. Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Then (Der(g,V); ρˆ)
is a representation of the sub-adjacent Lie algebra (g, [·, ·]C), where ρˆ is given by (34).
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Proof. By (34), for all x, y, z ∈ g and f ∈ Der(g,V), we have((
[ρˆ(x), ρˆ(y)] − ρˆ([x, y]C)
)
( f )
)
z
= ρˆ(x)(ρˆ(y)( f ))z − ρˆ(y)(ρˆ(x)( f ))z − ρˆ([x, y]C)( f )z
= µ(x)(ρˆ(y)( f ))z + ν(z)(ρˆ(y)( f ))x − (ρˆ(y)( f ))(x ⊲ z)
−µ(y)(ρˆ(x)( f ))z − ν(z)(ρˆ(x)( f ))y + (ρˆ(x)( f ))(y ⊲ z)
−µ([x, y]C) f (z) − ν(z) f ([x, y]C) + f ([x, y]C ⊲ z)
= µ(x)
(
µ(y) f (z) + ν(z) f (y) − f (y ⊲ z)
)
+ ν(z)
(
µ(y) f (x) + ν(x) f (y) − f (y ⊲ x)
)
−
(
µ(y) f (x ⊲ z) + ν(x ⊲ z) f (y) − f (y ⊲ (x ⊲ z))
)
− µ(y)
(
µ(x) f (z) + ν(z) f (x) − f (x ⊲ z)
)
−ν(z)
(
µ(x) f (y) + ν(y) f (x) − f (x ⊲ y)
)
+
(
µ(x) f (y ⊲ z) + ν(y ⊲ z) f (x) − f (x ⊲ (y ⊲ z))
)
−µ
(
x ⊲ y − y ⊲ x + [x, y]g
)
f (z) − ν(z) f (x ⊲ y − y ⊲ x + [x, y]g)
+ f
(
(x ⊲ y − y ⊲ x + [x, y]g) ⊲ z
)
(15),(28)
= µ(x)ν(z) f (y) + ν(z)µ(y) f (x) + ν(z)ν(x) f (y) − ν(x ⊲ z) f (y)
−µ(y)ν(z) f (x) − ν(z)µ(x) f (y) − ν(z)ν(y) f (x) + ν(y ⊲ z) f (x) − ν(z) f ([x, y]g)
(33)
= µ(x)ν(z) f (y)+ν(z)µ(y) f (x)︸           ︷︷           ︸ +ν(z)ν(x) f (y) − ν(x ⊲ z) f (y)
−µ(y)ν(z) f (x)︸           ︷︷           ︸ −ν(z)µ(x) f (y)−ν(z)ν(y) f (x) + ν(y ⊲ z) f (x)︸                               ︷︷                               ︸ −ν(z)ρ(x) f (y)+ν(z)ρ(y) f (x)︸           ︷︷           ︸
(29)
= 0.
Thus, (Der(g,V); ρˆ) is a representation of the sub-adjacent Lie algebra (g, [·, ·]C). 
4.2. Cohomology groups of post-Lie algebras. In this subsection, we define the cohomology
groups of a post-Lie algebra with coefficients in an arbitrary representation. Furthermore, we
establish precise relationship between the cohomology groups of a post-Lie algebra and those of
its subadjacent Lie algebra.
Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). We have the natural iso-
morphism
Φ : Hom(∧n−1g ⊗ g,V) −→ Hom(∧n−1g,Hom(g,V))
defined by
(35)
(
Φ(ω)(x1, · · · , xn−1)
)
xn := ω(x1, · · · , xn−1, xn), ∀x1, · · · , xn−1, xn ∈ g.
Define the set of 0-cochains to be 0. For n ≥ 1, we define the set of n-cochains Cn
Der
(g,V) by
(36) Cn
Der
(g,V) :=
{
f ∈ Hom(∧n−1g ⊗ g,V)
∣∣∣∣Φ( f )(x1, · · · , xn−1) ∈ Der(g,V),∀x1, · · · , xn−1 ∈ g}.
For all f ∈ Cn
Der
(g,V), x1, · · · , xn+1 ∈ g, define the operator δ : C
n
Der
(g,V) −→ Hom(∧ng ⊗ g,V)
by
(δ f )(x1, · · · , xn+1) =
n∑
i=1
(−1)i+1µ(xi) f (x1, · · · , xˆi, · · · , xn, xn+1)
+
n∑
i=1
(−1)i+1ν(xn+1) f (x1, · · · , xˆi, · · · , xn, xi) −
n∑
i=1
(−1)i+1 f (x1, · · · , xˆi, · · · , xn, xi ⊲ xn+1)(37)
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+
∑
1≤i< j≤n
(−1)i+ j f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, xn+1).
Proposition 4.7. For all f ∈ Cn
Der
(g,V), we have δ f ∈ Cn+1
Der
(g,V).
Proof. By the definition ofCn+1
Der
(g,V), we just need to prove that Φ(δ f )(x1, · · · , xn) is in Der(g,V)
for any x1, · · · , xn ∈ g. For all x, y ∈ g, we have
Φ(δ f )(x1, · · · , xn)([x, y]g)
(35)
= (δ f )(x1, · · · , xn, [x, y]g)
(37)
=
n∑
i=1
(−1)i+1µ(xi) f (x1, · · · , xˆi, · · · , xn, [x, y]g) +
n∑
i=1
(−1)i+1ν([x, y]g) f (x1, · · · , xˆi, · · · , xn, xi)
−
n∑
i=1
(−1)i+1 f (x1, · · · , xˆi, · · · , xn, xi ⊲ [x, y]g)
+
∑
1≤i< j≤n
(−1)i+ j f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, [x, y]g)
(14),(27)
=
n∑
i=1
(−1)i+1µ(xi)
(
ρ(x) f (x1, · · · , xˆi, · · · , xn, y) − ρ(y) f (x1, · · · , xˆi, · · · , xn, x)
)
+
n∑
i=1
(−1)i+1
(
ρ(x)ν(y) − ρ(y)ν(x)
)
f (x1, · · · , xˆi, · · · , xn, xi)
−
n∑
i=1
(−1)i+1ρ(xi ⊲ x) f (x1, · · · , xˆi, · · · , xn, y) +
n∑
i=1
(−1)i+1ρ(y) f (x1, · · · , xˆi, · · · , xn, xi ⊲ x)
−
n∑
i=1
(−1)i+1ρ(x) f (x1, · · · , xˆi, · · · , xn, xi ⊲ y) +
n∑
i=1
(−1)i+1ρ(xi ⊲ y) f (x1, · · · , xˆi, · · · , xn, x)
+
∑
1≤i< j≤n
(−1)i+ jρ(x) f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, y)
−
∑
1≤i< j≤n
(−1)i+ jρ(y) f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, x)
(26)
=
n∑
i=1
(−1)i+1
(
ρ(x)ν(y) − ρ(y)ν(x)
)
f (x1, · · · , xˆi, · · · , xn, xi)
+
n∑
i=1
(−1)i+1ρ(x)
(
µ(xi) f (x1, · · · , xˆi, · · · , xn, y)
)
+
n∑
i=1
(−1)i+1ρ(y) f (x1, · · · , xˆi, · · · , xn, xi ⊲ x)
−
n∑
i=1
(−1)i+1ρ(x) f (x1, · · · , xˆi, · · · , xn, xi ⊲ y) −
n∑
i=1
(−1)i+1ρ(y)
(
µ(xi) f (x1, · · · , xˆi, · · · , xn, x)
)
+
∑
1≤i< j≤n
(−1)i+ jρ(x) f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, y)
−
∑
1≤i< j≤n
(−1)i+ jρ(y) f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, x)
= ρ(x)
(
Φ(δ f )(x1, · · · , xn)y
)
− ρ(y)
(
Φ(δ f )(x1, · · · , xn)x
)
.
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Thus we deduce that Φ(δ f )(x1, · · · , xn) is in Der(g,V). 
To prove that the operator δ is indeed a coboundary operator, i.e. δ ◦ δ = 0, we need some
preparations.
Proposition 4.8. Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Then we
have Φ ◦ δ = dρˆ ◦Φ, where dρˆ is the coboundary operator of the sub-adjacent Lie algebra g
C with
coefficients in the representation (Der(g,V); ρˆ) given in Theorem 4.6 and δ is defined by (37).
Proof. For all f ∈ Cn
Der
(g,V) and x1, · · · , xn+1 ∈ g, we have(
dρˆ(Φ( f ))(x1, · · · , xn)
)
xn+1
=
n∑
i=1
(−1)i+1
(
ρˆ(xi)Φ( f )(x1, · · · , xˆi, · · · , xn)
)
xn+1
+
∑
1≤i< j≤n
(−1)i+ j
(
Φ( f )([xi, x j]C , x1, · · · , xˆi, · · · , xˆ j, · · · , xn)
)
xn+1
(34)
=
n∑
i=1
(−1)i+1µ(xi)Φ( f )(x1, · · · , xˆi, · · · , xn)xn+1 +
n∑
i=1
(−1)i+1ν(xn+1)Φ( f )(x1, · · · , xˆi, · · · , xn)xi
−
n∑
i=1
(−1)i+1Φ( f )(x1, · · · , xˆi, · · · , xn)(xi ⊲ xn+1)
+
∑
1≤i< j≤n
(−1)i+ j
(
Φ( f )(xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn)
)
xn+1
(35)
=
n∑
i=1
(−1)i+1µ(xi) f (x1, · · · , xˆi, · · · , xn, xn+1) +
n∑
i=1
(−1)i+1ν(xn+1) f (x1, · · · , xˆi, · · · , xn, xi)
−
n∑
i=1
(−1)i+1 f (x1, · · · , xˆi, · · · , xn, xi ⊲ xn+1)
+
∑
1≤i< j≤n
(−1)i+ j f (xi ⊲ x j − x j ⊲ xi + [xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn, xn+1)
(37)
= (δ f )(x1, · · · , xn+1)
(35)
=
(
Φ(δ f )(x1, · · · , xn)
)
xn+1,
which implies that dρˆ ◦ Φ = Φ ◦ δ. 
Theorem 4.9. The operator δ : Cn
Der
(g,V) −→ Cn+1
Der
(g,V) defined by (37) satisfies δ ◦ δ = 0.
Proof. By Proposition 4.8, we have δ = Φ−1 ◦ dρˆ ◦Φ. Thus, by the fact that dρˆ ◦ dρˆ = 0, we obtain
δ ◦ δ = Φ−1 ◦ dρˆ ◦ dρˆ ◦Φ = 0. 
Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Denote by C
∗
Der
(g,V) :=⊕
n≥1
Cn
Der
(g,V). Then we have the cochain complex (C∗
Der
(g,V), δ). Denote the set of closed
n-cochains by Zn(g,V) and the set of exact n-cochains by Bn(g,V). We denote by Hn(g,V) =
Zn(g,V)/Bn(g,V), and call them the cohomology groups of the post-Lie algebra (g, [·, ·]g,⊲)
with coefficients in the representation (V; ρ, µ, ν).
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It is obvious that f ∈ C1
Der
(g,V) is closed if and only if f ∈ Der(g,V) and
ν(y) f (x) + µ(x) f (y) − f (x ⊲ y) = 0, ∀x, y ∈ g.
Also f ∈ C2
Der
(g,V) is closed if and only if Φ( f ) ∈ Hom(g,Der(g,V)) and
ν(x3) f (x2, x1) + µ(x1) f (x2, x3) − f (x2, x1 ⊲ x3) − ν(x3) f (x1, x2) − µ(x2) f (x1, x3)
+ f (x1, x2 ⊲ x3) − f (x1 ⊲ x2, x3) + f (x2 ⊲ x1, x3) − f ([x1, x2]g, x3) = 0, ∀x1, x2, x3 ∈ g.
There is a close relationship between the cohomology groups of post-Lie algebras and those of
the corresponding sub-adjacent Lie algebras.
Theorem 4.10. Let (V; ρ, µ, ν) be a representation of a post-Lie algebra (g, [·, ·]g,⊲). Then
the cohomology group Hn(g,V) of the post-Lie algebra (g, [·, ·]g,⊲) and the cohomology group
Hn−1(gC ,Der(g,V)) of the subadjacent Lie algebra gC are isomorphic for all n ≥ 1.
Proof. By Proposition 4.8, we deduce that Φ is an isomorphism from the cochain complex(
C∗
Der
(g,V), δ
)
to the cochain complex
(
C∗−1(g,Der(g,V)), dρˆ
)
. Thus, Φ induces an isomorphism
Φ∗ from H
∗(g,V) to H∗−1(gC ,Der(g,V)). 
In the above theorem, if [·, ·]g and ρ are zero, then the post-Lie algebra is a pre-Lie algebra and
we recover the result of [13] as follows.
Corollary 4.11. Let (V; µ, ν) be a representation of a pre-Lie algebra (g,⊲). Then the cohomology
group Hn(g,V) of the pre-Lie algebra (g,⊲) and the cohomology group Hn−1(gC ,Hom(g,V)) of
the subadjacent Lie algebra gC are isomorphic for all n ≥ 1.
4.3. Classification of 2-term skeletal operator homotopy post-Lie algebras. In this subsec-
tion, we first give an equivalent definition of an operator homotopy post-Lie algebra and then
classify 2-term skeletal operator homotopy post-Lie algebras using the third cohomology group
given in Section 4.2
For all i ≥ 1, let Θi : ∧
i−1g ⊗ g → g be a graded linear map of degree 2 − i. Define D(Θi) :
⊙i−1s−1g ⊗ s−1g → s−1g by
D(Θi) = (−1)
i(i−1)
2 s−1 ◦Θi ◦ s
⊗i,
which is a graded linear map of degree 1. This is illustrated by the following commutative dia-
gram:
∧i−1g ⊗ g
Θi
−−−−→ g
⊗is−1
y ys−1
⊙i−1s−1g ⊗ s−1g
D(Θi)
−−−−→ s−1g
Using this process, we can give an equivalent definition of an operator homotopy post-Lie
algebra as follows.
Definition 4.12. An operator homotopy post-Lie algebra is a graded Lie algebra (g, [·, ·]g)
equipped with a collection of linear maps Θk : ⊗
kg → g, k ≥ 1, of degree 2 − k satisfying,
for any homogeneous elements x1, · · · , xn, xn+1 ∈ g, the following conditions hold:
(i) (graded antisymmetry) for every σ ∈ Sn−1, n ≥ 1,
Θn(xσ(1), · · · , xσ(n−1), xn) = χ(σ)Θn(x1, · · · , xn−1, xn),(38)
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(ii) (graded derivation) for all n ≥ 1,
Θn(x1, · · · , xn−1, [xn, xn+1]g) = [Θn(x1, · · · , xn−1, xn), xn+1]g(39)
+(−1)xn(x1+···+xn−1+n)[xn,Θn(x1, · · · , xn−1, xn+1)]g,
(iii) for all n ≥ 1,∑
1≤i< j≤n−1
(−1)βΘn−1([xi, x j]g, x1, · · · , xˆi, · · · , xˆ j, · · · , xn)
=
∑
i+ j=n+1
i≥1, j≥2
∑
σ∈S(i−1,1, j−2)
(−1)i( j−1)χ(σ)Θ j(Θi(xσ(1), · · · , xσ(i−1), xσ(i)), xσ(i+1), · · · , xσ(n−1), xn)(40)
+
∑
i+ j=n+1
i≥1, j≥1
∑
σ∈S( j−1,i−1)
(−1) j−1(−1)αχ(σ)Θ j(xσ(1), · · · , xσ( j−1),Θi(xσ( j), · · · , xσ(n−1), xn)),
where β = xi(x1+· · ·+xi−1)+x j(x1+· · ·+x j−1)+xix j+i+ j and α = i(xσ(1)+xσ(2)+· · ·+xσ( j−1)).
By (39), for n = 1, we have
Θ1([x1, x2]g) = [Θ1(x1), x2]g + (−1)
x1[x1,Θ1(x2)]g.(41)
By (40), for n = 1, we have Θ21 = 0, which implies that (g,Θ1) is a complex. By (40), for n = 2,
we have
0 = −Θ2(Θ1(x1), x2) − (−1)
x1Θ2(x1,Θ1(x2)) + Θ1(Θ2(x1, x2)).(42)
Now we will show that the corresponding cohomology space H∗(g) of the complex (g,Θ1) en-
joys a graded post-Lie algebra structure and this justifies our definition of an “operator homotopy
post-Lie algebra”.
Theorem 4.13. Let (g, [·, ·]g, {Θk}
∞
k=1
) be an operator homotopy post-Lie algebra. Then the coho-
mology space H∗(g) is a graded post-Lie algebra.
Proof. For any homogeneous element x ∈ ker(Θ1), we denote by x ∈ H
∗(g) its cohomological
class. First we define a graded bracket operation [·, ·] on the graded vector space H∗(g) by
[x¯, y¯] := [x, y]g, ∀x¯, y¯ ∈ H
∗(g).
If x¯ = x¯′, then there exists X ∈ g such that x′ = x + Θ1(X). Hence by (41), we have
[x¯′, y¯] = [x′, y]g = [x + Θ1(X), y]g = [x, y]g + Θ1([X, y]g) = [x, y]g = [x¯, y¯],
which implies that [·, ·] is well-defined. It is straightforward to obtain that (H∗(g), [·, ·]) is a graded
Lie algebra.
Then we define a multiplication ⊲ on the graded vector space H∗(g) by
x¯ ⊲ y¯ := Θ2(x, y), ∀x¯, y¯ ∈ H
∗(g).
Similarly, by (42), we can deduce that ⊲ is well-defined. By (39) for n = 2, we have
x¯ ⊲ [y¯, z¯] = Θ2(x, [y, z]g) = [Θ2(x, y), z]g + (−1)
xy[y,Θ2(x, z)]g = [x¯ ⊲ y¯, z¯] + +(−1)
xy[y¯, x¯ ⊲ z¯].
Similarly, by (40) for n = 3, we have
[x¯, y¯] ⊲ z¯ = a⊲(x¯, y¯, z¯) − a⊲(y¯, x¯, z¯).
Therefore, (H∗(g), [·, ·],⊲) is a graded post-Lie algebra. 
By truncation, we obtain the definition of a 2-term operator homotopy post-Lie algebra.
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Definition 4.14. A 2-term operator homotopy post-Lie algebra is a 2-term graded Lie algebra
(g = g0 ⊕ g−1, [·, ·]g) equipped with
• a linear map Θ1 : g−1 → g0;
• a linear map Θ2 : gi ⊗ g j → gi+ j, −1 ≤ i + j ≤ 0;
• a linear map Θ3 : ∧
2g0 ⊗ g0 → g−1
such that for all x, y, z,w ∈ g0 and a, b ∈ g−1, the following equalities hold:
(a1) Θ1([x, a]g) = [x,Θ1(a)]g;
(a2) [Θ1(a), b]g = [a,Θ1(b)]g;
(b1) Θ2(x, [y, z]g) = [Θ2(x, y), z]g + [y,Θ2(x, z)]g;
(b2) Θ2(x, [y, a]g) = [Θ2(x, y), a]g + [y,Θ2(x, a)]g;
(b3) Θ2(a, [x, y]g) = [Θ2(a, x), y]g + [x,Θ2(a, y)]g;
(c) Θ3(x, y, [z,w]g) = [Θ3(x, y, z),w]g + [z,Θ3(x, y,w)]g;
(d1) Θ1Θ2(x, a) = Θ2(x,Θ1(a));
(d2) Θ1Θ2(a, x) = Θ2(Θ1(a), x);
(d3) Θ2(Θ1(a), b) = Θ2(a,Θ1(b));
(e1) Θ2(x,Θ2(y, z))−Θ2(Θ2(x, y), z)−Θ2(y,Θ2(x, z))+Θ2(Θ2(y, x), z)−Θ2([x, y]g, z) = Θ1Θ3(x, y, z);
(e2) Θ2(x,Θ2(y, a))−Θ2(Θ2(x, y), a)−Θ2(y,Θ2(x, a))+Θ2(Θ2(y, x), a)−Θ2([x, y]g, a) = Θ3(x, y,Θ1(a));
(e3) Θ2(a,Θ2(y, z))−Θ2(Θ2(a, y), z)−Θ2(y,Θ2(a, z))+Θ2(Θ2(y, a), z)−Θ2([a, y]g, z) = Θ3(Θ1(a), y, z);
( f ) Θ2(x,Θ3(y, z,w))−Θ2(y,Θ3(x, z,w))+Θ2(z,Θ3(x, y,w))+Θ2(Θ3(y, z, x),w)−Θ2(Θ3(x, z, y),w)+
Θ2(Θ3(x, y, z),w)−Θ3(Θ2(x, y)−Θ2(y, x)+[x, y]g, z,w)−Θ3(Θ2(y, z)−Θ2(z, y)+[y, z]g, x,w)+
Θ3(Θ2(x, z)−Θ2(z, x)+[x, z]g, y,w)−Θ3(y, z,Θ2(x,w))+Θ3(x, z,Θ2(y,w))−Θ3(x, y,Θ2(z,w)) =
0.
A 2-term operator homotopy post-Lie algebra (g = g0⊕g−1, [·, ·]g,Θ1,Θ2,Θ3) is said to be skeletal
if Θ1 = 0.
Remark 4.15. If the underlying graded Lie algebra (g0⊕g−1, [·, ·]g) in a 2-term operator homotopy
post-Lie algebra (g = g0 ⊕ g−1, [·, ·]g,Θ1,Θ2,Θ3) is abelian, then (g0 ⊕ g−1,Θ1,Θ2,Θ3) reduces to
a 2-term pre-Lie∞ algebra or equivalently a pre-Lie 2-algebra.
In [42], the author showed that skeletal pre-Lie 2-algebras are classified by the third cohomol-
ogy group of pre-Lie algebras. See [3] also for more details for the classification of skeletal Lie
2-algebras. Similarly, we have
Theorem 4.16. There is a one-to-one correspondence between 2-term skeletal operator homo-
topy post-Lie algebras and triples ((h, [·, ·]h,⊲), (V; ρ, µ, ν), ω), where (h, [·, ·]h,⊲) is a post-Lie al-
gebra, (V; ρ, µ, ν) is a representation of the post-Lie algebra (h, [·, ·]h,⊲) and ω ∈ Hom(∧
2h⊗h,V)
is a 3-cocycle of (h, [·, ·]h,⊲) with coefficients in (V; ρ, µ, ν).
Proof. Let (g = g0 ⊕ g−1, [·, ·]g,Θ1,Θ2,Θ3) be a 2-term skeletal operator homotopy post-Lie al-
gebra, i.e. Θ1 = 0. Then by Condition (e1) in Definition 4.14, we deduce that (g0, [·, ·]g,Θ2) is a
post-Lie algebra. Define linear maps ρ, µ, ν from g0 to gl(g−1) by
ρ(x)(a) := [x, a]g, µ(x)(a) := Θ2(x, a), ν(x)(a) := Θ2(a, x), ∀x ∈ g0, a ∈ g−1.
Obviously, (g−1; ρ) is a representation of the Lie algebra (g0, [·, ·]g). Then by (b2), (b3), (e2) and
(e3) in Definition 4.14, we deduce (26)-(29) respectively. Thus, (g−1; ρ, µ, ν) is a representation
of the post-Lie algebra (g0, [·, ·]g,Θ2). Finally, by (c) and ( f ) in Definition 4.14, we deduce that
Θ3 is a 3-cocycle of the post-Lie algebra (g0, [·, ·]g,Θ2) with coefficients in the representation
(g−1; ρ, µ, ν).
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The proof of the other direction is similar. So the details will be omitted. 
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